Abstract: We give an O(n s-log n) time and O(n s) space algorithm for the continuous homotopic one layer routing problem. The main contribution is an extension of the sweep paradigm to a universal cover space of the plane.
ii.) P is collision-free.
For a set S C R 2 let U(S) = U1/2(S) = {x G R2;dist(x,s) < 1/2 for some s G S} be the open
1/2 -neighborhood of S. For a path p we frequently use p to denote the set {p(t); 0 < t < 1} of points of p.
So a solution to a CHRP given by O and W consists of a homotopic shift P of W such that U(pi) is simply connected (simplicity condition), U(p~) n V(O) = 0 and g(pi) n U(pi) = @ Vi and j, i # 3" (disjointness condition). We call P a A -solution if the above conditions hold for U1/2.~ instead of U1/2. A cut is either a straight-line segment connecting two features or a semi-infinite ray starting in a feature. In either case a cut must not cross any other feature. The capacity of a cut is its Euclidian length.
For a cut C and a path w let cr (C,w) We are now in a position to state our main theorem.
For part b.) and c.) of the theorem we assume that the input paths are polygonal paths. We denote the number of bends in wire wi by bi, the total number of bends by b = ~ b~, the number of features by m and the size of the input by n = m + b.
Theorem 1:
a.) A CHRP has a solution iff the cut condition holds, i.e., iff
dens(C) + 1 < cap(C)
for all cuts C. [CS] and [LM] were the common basis) and the techniques used in parts a.) and c.) differ widely; part b.) is a simple generalization of [LM] . M aley [M] gives a very detailed proof for part a.) based on notions of combinatorial topology. His algorithm for part c.)
is a slight generalization of [LM] . Our proof for part a.) is elementary and intuitive but may not fulfill the highest standards of rigour. Our main emphasis is on part c.) and we introduce a novel algorithmic idea there: sweeping the universal cover space.
Consider a fixed wire wl and let s = w~(0), t = wi(1).
The universal cover spe~ce of the plane with origin s and with respect to the set F of holes is given by C = {(x,p); x 6 R 2 and p is the homotopy class of a path from s to x}; cf. Figure 3 , 4 and 5 for an illustration.
The solution path pi corresponding to wi is a shortest path from (s, e) to (t, [wi] ) in C -Y where Y is the forbidden region for wire w~, cf. section 3 and Figure 5 . We construct the solution path p~ for w~ by a sweep of the cover space. More precisely, we first construct the rubberband equivalent rbeo(w~),
i.e., a shortest polygonal path homotopic to w~. In Figure 1 the wi are already given by their rubberband equivalents (RBE). RBE's were introduced in [LM] and it was also shown how to construct them in [LM] .
The path rbeo(w#) is a path from (s, e) to (t, [w,]) in C. Our idea is now to sweep a line perpendicular to rbeo(wi) from C s, e) to (t, [wi] ) (at bends of rbeo(wi) the line turns into a semi-infinite ray), and to construct the solution path Pi as we move along, using the £unnel method. The details of the algorithm can be found in section 3; section 2 contains a short discussion of part a.), and section 4 mentions some extensions.
It is natural to ask whether theorem 1 can be extended to vertex-disjoint routings in planar graphs.
A partial answer is provided by theorem 2.
Let the problem shortest vertex-disjoint routings on a planar graph (with homotoples) (SRPGH) be given by a planar graph embedding G, vertex pairs (sl, Q), ..., (sk, t}), a 'sketch' of the routings from 8i to ti and a bound b (integer).
Question: Do vertex-disjoint paths si --~ ti, ..., sk t} exist with the described homotopies of total length
Theorem 2: SRPGH is NP -complete.
Routability and the Cut Condition
We briefly discuss the necessity and sufficiency of the cut condition. Let P = {Pl, ...,Pt} be a solution to the CHRP and let C be any cut connecting two features, say f and g. such that a(t) _< t and pl(t) = p(a(t)) for all t. A crossing of p and C is an initial segment Pl of p withpl(1) E C. Let pandq be paths withp(1) = q(0). Then the concatenation p o q is defined by (po q)(t) = p(2. t) for 0 < t < 1/2 and (po q)(t) = q(2.t-X) for 1/2<t< 1.
Let C be a cut and let p and q be paths with p(0) = q(0) and p(1), q(1) E C. We call p and q C-equivalent if p is homotopic to q o q(1)p(1).
Let C be a cut and pl a crossing of p and C. Then the C-equivalence class of pl is called the type of the crossing Pl.
Let C be a cut incident to a feature f, let W = {Wl,...,wl} be a given set of paths and let h =
E, mi~cr(C, w,).
We can shift W into a collision-free set P = {p 1,..., pt} with h = ~i cr(C, pi) as follows. Letpi = Wi initially. If mincr(C,w~) = cr(C, pi) for all i then we are done. Otherwise there must be some pj such that two of the crossings of p./with C can be removed by the operation shown in Figure 6 . Proceeding in this fashion we obtain the desired set P of paths.
Let sa, ..., Sh be the crossings of the paths in P with the cut C in the order of increasing distances from ..., type(sh) ) is called the s/g-nature of C with respect to f.
Note that the set P defined above is not uniquely determined by W; nethertheless, the signature of C is well-defined. Note also that if mincr(C, wi) > 0 then some of the s I will be intersections of Pi and C. We call the types of these sj the types of the required crossings of wi and C. Again, these types are independent of the particular set P into which W was shifted. q.e.d.
Algorithms
Throughout this section we will assume that our CHRP has a solution. Note that the cut condition can be checked in time O(n 2.log n) by part b.) which is well below the target time for part c.).
The algorithm for part c.) is outlined in program 1. proportional to the number of obstacles.
We extend the funnel method to our more general situation. There are two main difficulties:
i.) The obstacles have more complex shape, cf. Next we will explain the three steps 2.1, 2.2 and 2.3 in more detail.
Step 2 A sector of rbeo with respect to f is a maximal subpath of rbeo which is monotonic with respect to f and completely visible from f, i.e., rays starting in f intersect the subpath only once and do not pass through a feature before they intersect the subpath.
The sectors of rbeo correspond in a natural way to angular sectors with tip f, cf. We have now computed for each arc its visibility interval and step 2.1 is completed.
Step 2.2: The Forbidden Region ~"
Step 2 In order to find these events we maintain two queues. Either a monotonous sector Of rbeo ends at the ray g~4 or there is a feature h on the line segment g"A.
Again the former case cannot arise because the visibility interval of b has not ended yet. In the latter case consider the constraint generated by h.
Lamina 3 (Strength Lemma):
Let g and h be features, let r be a ray starting in 9 and let h lie between g and x = r n rbeo on r.
Assume also that there is no other feature on the line segment hx. Let i be the radius of the arc generated by g immediately to the left of h and let j be the radius of the arc generated by h in the direction r, cf. (g, h) of these paths can cross the ray between g and h or end at h by the cut condition. Hence rbeo is at least the (i -dist(g, h))-th path when counting starts in h. This proves j > i -dist (g, h ) .
The constraint generated by h is at least as strong on the ray gh as the constraint generated by g. Also, h E H. Consider a ray immediately to the right of gh. On this ray either the constraint generated by h or the one generated by g is stronger. In the former case we continue the argument with h instead of g and in the latter case we continue the argument with g.
q.e.d.
Step 2.3: The construction of rbel 
Extensions
The algorithm can also deal with the following two generalizations.
i.) Obstacles are line segments instead of points.
ii.) The nets are multi-terminal nets. In this case each wire wi is a tree, the leaves being the terminals. The trees wi are pairwise disjoint, cf.
figure 16. The output trees must be homotopic to the input trees and must satisfy the simplicity and the disjointness condition. Our algorithm solves this problem, but, of course, it can no longer construct a minimum length solution.
Conclusion
This paper gives another illustration of the versatility of the sweep line paradigm. In particular, we show that it can be applied to more complex spaces than Euclidean spaces. • Ze. Figure 15
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